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The propagation and scattering of elastic waves provides a valuable 
tool for the QNDE of composite materials. Since, in general, the composite 
materials are highly anisotropic, it is important to develop theoretical 
methods for calculation of wave propagation characteristics in anisotropic 
media. A lot of work has been done on transient wave propagation in 
isotropic media but not much in anisotropic media (see, for example [1,2] 
and other references given there). 
In this paper, we have described a time dependent 3D Green's function 
method which is similar to that used in the lattice dynamics of crystals 
[3] ,to study the propagation of elastic waves in a general anisotropic half 
space. The method is applied to calculate the scattering amplitude of 
elastic waves from a discontinuity in the half space. The discontinuity is 
represented as a perturbation on the Christoffel Matrix. Exact results are 
obtained for a 3D pulse propagation in a general anisotropic half space 
containing an interior point or a planar scatterer. 
The results of our study can be used in the design of ultrasonic 
scattering experiments. In particular, the theory is intended as an aid in 
defining spatial and time domain transducer responses that would maximize 
the detection reliability for specific flaw categories in highly anisotropic 
material systems. Also, the results of this study should lead to improved 
systems for ultrasonic characterization of material properties. 
BASIC FORMULATION 
We consider an inhomogeneous elastic solid with space dependent elastic 
constants and density. We shall use the Cartesian frame of reference. The 
X, Y and Z axes are labelled by the indices 1, 2 and 3 respectively. A 
vector in this space will be denoted by x and its X, Y and Z components will 
be denoted by Xl' X2 and X3 respectively. The Roman indices i, j, k and 1 
(equal to 1, 2 or 3) will be used to label the Cartesian components. The 
summation convention over repeated Roman indices will be followed. The 
free surface of the solid will be taken on the YZ plane so that the solid 
extends from Xl - 0 to Xl 
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The elastic equations of motion are given by 
* 
8 Zuj 
* 
8zui 
c ikj 1 (x) P (x) - Fi(x,t) (1) 
8xk8xl 8tZ 
where c* is the space dependent elastic constant tensor, p* is the space 
dependent density, y(~,t) is the displacement vector and E(~,t) is the force 
applied at x and time t. In eq. (1) and in what follows, an underlined 
symbol denotes a nonscalar quantity-matrix, vector or tensor. In case of 
vectors the non-underlined symbol will denote the magnitude of the 
corresponding vector. For example ~ denotes a vector with components Xl' Xz 
and X3 whereas X denotes the magnitude of ~ i.e, j(X1 2 + X 2 2 + X3 2 ). 
We take the Fourier time transform of u and E in the usua.1 manner to 
transform Eq. (1) in the frequency domain. Further, we define their Fourier 
space transform as follows: 
1 
J ~(~) ~(g) exp(Lg.X) dg (21£)3 (2) 
1 
J !:(~,w) !:(g,w) exp(Lg.~) dg (21£)3 (3) 
where w is the frequency, L - j(-1), ~ is a vector in the reciprocal space 
(the wave vector) and integrations in equations (2) and (3) are vector 
integrations over all q-space. In what follows, unless stated otherwise, 
all integrals will be definite integrals over the entire space of the 
integration variable. 
Without loss of generality, we take p 1 and write c* as 
(4) 
where ~£(~) denotes the perturbation relative to a reference solid for which 
the elastic constant tensor is denoted by £. 
From equations (1) - (4) and using the orthonormal properties of 
exp(-Lg.~), we obtain the following Dyson's equation for displacements in 
the matrix notation: 
~(g) ~(g) !:(g,w) + ~(g) J ~~(g,g')~(g')dg' (5) 
where 
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(6) 
(7) 
(8) 
(9) 
c ikjl qkql (the Green-Christoffel matrix) (10) 
and 5ij is the Kronecker's delta which is 1 for i=j and zero otherwise. The 
Fourier transform of ~p is defined similar to that in eq. (7). The 
dependence of 1(g) and y(g) on the frequency w is not shown explicitly for 
notational brevity. The matrix Q(g) is Green's function. 
The displacement function y(q) is given by the solution of eq. (5) 
which is an integral equation. We have not accounted for any boundary 
conditions in the particular solution of eq. (1). The boundary conditions 
can be satisfied by including the homogeneous solution in eq. (5) or by 
modifying the Green's function defined by eq. (8) by using a standard 
procedure involving integration over the boundary. 
Equation (5) is in the reciprocal space. The vector g represents a 
wave vector in this space and characterizes a wave propagating in the solid. 
Its magnitude is the inverse of the wave length (in units of 2rr) and its 
direction corresponds to the direction of propagation of the wave. The 
displacement field y(g) gives the displacement associated with that wave and 
thus defines the polarization of the wave. The vector f(g,w) gives that 
part of the applied force which contributes to that wave. The effect of 
the perturbation, as we see from eq. (5) is to modify F(q,w) to an effective 
force F*(q,w) which is given by 
I*(~,w) (11) 
where 
(12) 
It may be noted that, in the first approximation, if y(q) on the RHS of eq. 
(5) is taken to be equal to Q(q)f(q), then eq. (5) gives y(q) in the first 
Born approximation. (Successive substitutions lead to higher order Born 
approximations.) 
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Scattering of elastic waves by a model discontinuity 
In this section, we shall consider the two idealized cases for which 
eq. (5) can be solved exactly. These are when the scatterer is a (i) point 
discontinuity or (ii) a planar discontinuity which is of zero thickness but 
infinite width. Both model discontinuities can be used to approximate 
specific material property variation like porosity or density variation. 
(i) Point discontinuity 
We take the discontinuity at the point ~ which is a vector with 
components D1 , D2 and Dg. The perturbation term as defined by eq. (4) can 
then be written as follows: 
(13) 
where 8£ and 8p are constants, and 
(14) 
Using equations (6) - (10), we obtain from equations (5) 
(15) 
where 
1 J f(g') exp[tg' .Q) ~(g') dg' (16) 
8A . . (g) - w 2 8p 6 .. 1J 1J (17) 
In eq. (17), the functional dependence of l on w is not explicitly shown 
for notational brevity. Equation (15) is an integral equation with a 
separable kernel which can be easily solved. We multiply both sides of eq. 
(15) by l(g) exp (tg'~) and integrate over q over the entire space. This 
gives: 
(18) 
1418 
where 
and 
1 
!io (211")3 
1 
!i(Q) =--
(211")3 
(19) 
exp[ '.9..Q] d.9. (20) 
Equation (20) when substituted for I(Q) in eq. (15), gives the exact result 
for y(q). 
(ii) Planar discontinuity 
We shall take the planar discontinuity to be parallel to the YZ plane 
and located at Xl = d. The plane is assumed to extend to infinity in the Y 
and Z directions. The perturbation in this case can be represented by eq. 
(13) with 5(~ - Q) replaced by 5(x1 - d). 
where 
Following the steps leading to eq. (15), we obtain 
J (d) 
-p 
1 
where Q is a vector in the reciprocal space such that P3 
PI = ql' which is the integration variable. 
(21) 
(22) 
The solution of eq. (21) can be obtained in exactly the same way as for 
eq. (15). In this case, 
J (d) 
-p L!. - M ]-1 N (d) -p -p (23) 
where 
1 
J !ip f(.9.) ~(.9.) dq1 (211") (24) 
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and 
(25) 
Equation (23), when substituted in eq. (21), gives y(q). The 
displacement field in real space and time is given by eq. (2). The 
integration over g and w have to be carried out numerically. In equations 
(15) and (21), the first term represents the source wave whereas the second 
term represents the scattered wave. The scattered wave contains the 
information about the discontinuity. It can be, therefore, used to study 
in-plane variations in material properties. 
For the purpose of illustration, we have calculated the scattered wave 
amplitude for a strongly anisotropic model cubic solid containing a point 
and a planar discontinuity [Q = (0.6, 0, 0); d = 0.6]. These results are 
shown in Fig. 1 and Fig. 2. In these calculations, the value of the 
anisotropy parameter (Cll - C12 -2c •• )!c •• was taken to be 3. This 
parameter would be zero for an isotropic solid. The free surface boundary 
condition was imposed at Xl = O. The applied force was taken to be a delta 
function at t = 0 and ~ = 0 acting in the Xl direction. 
Figures (1) and (2) illustrate the time evolution of the scattered 
pulse caused by a delta function type source pulse. In calculating the 
inverse Fourier transform of the scattered amplitude, we faced some 
numerical convergence problems. These aspects of the formulation are being 
investigated and will be reported elsewhere. 
u (Y,I) 
Fig. 1 The scattered wave amplitude at the YZ plane as a function of Y 
coordinate and time t for a solid containing a point discontinuity. 
u (Y,I) 
Fig. 2 Same as Fig. 1 but for planar discontinuity. 
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